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SOLUTION OF A SYSTEM OF EQUATIONS OCCURRING IN 
DARBOUX'S THAtORIE GEPY1RALE -DES S UREA CES.* 

By DR. T. CRAIG, Baltimore, Md. 

The equations are, to notationjpH8, 
I2 + y2 + z2 = const. 

(A) xar + YYi + ZZ1 = const. 

XX2 + YY2 + ZZ2 =const., 
and we have also 

xi2 + y12 + z12 const. 
X22 + Y22 + Z2 2 const. 

It is required to find x, y, z from the first three of these. Darboux gives 
as the solution, without any indication of the process employed, the following: 

x = A1ix + A2.Z2 + A3 (Y1Z2 -Y2ZI) 

y= A1y1 + A2Y2 + A3 (Z1X2 -Z2XI) 

z = A1z, + A2Z2 + A3 (x1y2 - x2y1) 

A method for the solution of a general system of equations of the form 
(A) exists due to Bauer, but for the present case the following direct method, 
which is based on the most elementary geometrical considerations, seems to 
me preferable. The geometrical interpretation of the results and the notation 
is so obvious that it need not be referred to. 

Write the equations in the form 
x2 + y2 + Z2 C2, 

x2 + y12 + Z 12 2 (1) 
X2 + y22 + Z22 - C 2 

Vxi + YYl + ZZ1 -CC= 2 
(2) 

XX2 + YY2 + `zZ2 CC2;(2 

where C, Ca, C2 are arbitrary constants. Make flow 

w, y, z = 
Ca, C(J, Cr, 

XI) Y, z1 = C1a,, C,11, Cr (3) 

X2, Y2) Z2 = C2a2, C232, 02r2T2 
* t. I, p. 21; the equations preceding (6). 
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The three equations which we have ultimately to solve are now 

a2 --+ r2 1 

aat + fj1 + 77 , (4) 

Wa2 PP A2 + 172 22 
with 

(12 24 p12 + =rj 1 

a22 + P22 + r22 1.. 

Define three new quantities 23, Y3, Z3 by the equations 

2 _ -32 + Z32 =C I 

X1X3 + YlY3 + OA3 - 0 (5) 

2V33 + Y2Ya + 22Z3- 0 

also write 
223 + YY3 + ZZ3-CC3A3 

Making 
X3, y3, Z3=(a3, CAI C333r 

we have 
a32 + P32 + r3 = 1, 

aja3 + fA3 + r3 - 0 
(6) 

a2a3 + P2P3 + T2r3 0 , 

aa3 4-. /3j 3 + A3 

The second and third of these give 

a3 P3 T3 7 
Pr2 --2r - r2a1 a,2 2- a2R (7) 

Write 
ai(a2 4- p1j92 - rli2 = COS ; (8) 

square the terms in (7), add the numerators together and the denominators 
together, use the first of (6) and extract the square root of the result, this will 
be the common value of the ratios in (6), viz: 

a3 - 3__ _ _ __ 

r2 - 2 12 r2a1 a12 -(2,1 sin ' (9) 
or 

C P3 - r2 -2r1 3 =l r1a2 -r2a1l r3 aj2& a,2 (10) sin sill sin (10 
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These satisfy identically the first three of equations (6). Take now the last 
two of equations (4) and the last of (6) ; these are 

aa, +- pdj + rr,-A,, 
aa2 + P1'+ rr2 = 2( 

aa3 + p&33 + TT3 = A3 

Substituting the above values of a3, d3, r., these become 

a - P2r,) + # (rla2 - rT2) + r ( -2 a2 1) =4' sin 0 A3, 

^xaa + 111 +m rr Al, (12) 

aa2 +T + rr2 2 

Solving these we find 

6( - I~~~~~~~~~~i 
~ a-a2 Cost) 

_ Ar2 __r) + (a 

=i2. (rSa - T2a) + -in2d (P2 - a1 Cos 0) + sin 2c 

r = sin20 (al2 - a601) + Sin2o (r2- rl COS 0) + - in2 (rl -r2 CO s 0). 

Write 
Al ' A2si'- , A1S + lcos0, 

sin2O sin2t 

ACos 0?J 221~kloO 
Sirn2d Sjn2f 

Equations (13) now become 

a = l + a 
202 

+ - (Pr2 - 

Ii = 11P1 + 12132 + Sjn2o (aW-2 al) ) (14) 

r 11 r + 12r2 + sin2d (a1A2 - a221) 

To determine 23 (which with the auxiliaries a3, j3, r3 is not arbitrary) we 
use the first of (4), viz., 

a2 + 1 + r2 . (15) 
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This gives at once 

A3 I/1_ 112_122 -21,12CO say 3 (16) 
sin t sin e 

So we have now 
a - IIa] + 12a2 + 13 (Jr2 - rl) 

= l 131 + 12& + 13 (rla2 - r2'a, (17) 

r =1iri + 12r2 + 4 (ale - 4211). 

These are of the required form; to get back to x, y, z write 

11X 12, 13, - 6'1rn, (C2rM2, CAC2m3; 

then multiply each of (17) through by the arbitrary constant C and again 
write 

Cnl, Gn, C(?n3 A,, A.,2 A3, 

where AD, A2, A3 are arbitrary constants, and we have finally 

x AxA + A2"V + A3 (yIz2 -Y21), 

y =Ajy + A2y2 + A3 (Z1X2 -2XI) X 

z A,zI + A2z2 + A3 (xY, -- X2Y) X 

the required values. A number of modifications of the preceding process 
naturally suggest themselves, but it is not worth while to go into them. 

BALTIMORE, Sept. 15, 1896. 


	Article Contents
	p. 48
	p. 49
	p. 50
	p. 51

	Issue Table of Contents
	Annals of Mathematics, Vol. 11, No. 1/6 (1896 - 1897) pp. 1-196
	Front Matter [pp. ]
	Volume Information [pp. ]
	Errata [pp. iv]
	Equations and Variables Associated with the Linear Differential Equation [pp. 1-9]
	A General Theorem Relating to Transversals, and Its Consequences [pp. 10-19]
	The Calculus of Variations: Derivation of Some of the Fundamental Weierstrassian Formulae [pp. 20-32]
	Invariants of Curves and Surfaces of the Second Degree by the Group of Motions and the Group of Similitude [pp. 33-47]
	Solution of a System of Equations Occurring in Darboux's Théorie Générale Des Surfaces
[pp. 48-51]
	On the Singularities of Single-Valued and Generally Analytic Functions [pp. 52-56]
	On Triangles with Rational Sides and Having Rational Areas [pp. 57-60]
	On the Fundamental Problem of the Differential Calculus [pp. 61-63]
	Proof of a Theorem in Continued Fractions [pp. 64]
	The Analytic Representation of Substitutions on a Power of a Prime Number of Letters with a Discussion of the Linear Group. [pp. 65-120]
	On Hessians and Steinerians of Higher Orders in Geometry of One Dimension [pp. 121-128]
	An Analog to De Moivre's Theorem in a Plane Point System [pp. 129-136]
	Criteria for Nodes in Dupin's Cyclides, with a Corresponding Classification [pp. 137-147]
	On the Congruences of Rays (3, 1) and (1, 3) [pp. 148-155]
	A Geometric Picture of the Fifteen School Girl Problem [pp. 156-157]
	A Special Form of a Quartic Surface [pp. 158-160]
	The Analytic Representation of Substitutions on a Power of a Prime Number of Letters with a Discussion of the Linear Group [pp. 161-183]
	Note on Integral and Integro-Geometric Series [pp. 184-194]
	Note Upon a Representation in Space of the Ellipses Drawn by an Ellipsograph [pp. 195-196]



